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Abstract
Only the first-order Doppler frequency shift is considered in current laser
dual-frequency interferometers; however; the second-order Doppler
frequency shift should be considered when the measurement corner cube
(MCC) moves at high velocity or variable velocity because it can cause
considerable error. The influence of the second-order Doppler frequency
shift on interferometer error is studied in this paper, and a model of the
second-order Doppler error is put forward. Moreover, the model has been
simulated with both high velocity and variable velocity motion. The
simulated results show that the second-order Doppler error is proportional to
the velocity of the MCC when it moves with uniform motion and the
measured displacement is certain. When the MCC moves with variable
motion, the second-order Doppler error concerns not only velocity but also
acceleration. When muzzle velocity is zero the second-order Doppler error
caused by an acceleration of 0.6g can be up to 2.5 nm in 0.4 s, which is not
negligible in nanometric measurement. Moreover, when the muzzle velocity
is nonzero, the accelerated motion may result in a greater error and
decelerated motion may result in a smaller error.
Keywords: laser dual-frequency interferometer, Doppler frequency shift,
error, velocity, acceleration
(Some figures in this article are in colour only in the electronic version)
1. Introduction
Laser dual-frequency interferometers can measure
displacement, velocity, angle, linearity, flatness and verticality
when combined with various items of apparatus.
Interferometers have the advantages of high resolution,
high velocity, long range capability, multi-axis measurement
and so on [1, 2], so they are widely used in many leading-edge
applications, such as real-time position control systems in
the step and scan photolithography tools for manufacturing
integrated circuits [3–5]. In recent years the development and
improvement of interferometers has still attracted much
attention from scientists because of the demanding
requirements of advanced manufacture and the fast growing
nanometre techniques [6, 7].
It is well known that measurement with an interferometer
is based on the Doppler frequency shift. In order to simplify
the measuring principle, only the first-order Doppler frequency
shift is considered in current commercial interferometers, and
the high-order Doppler frequency shift series are ignored.
The procedure mentioned above of ignoring high-order series
can meet the precision needs of low-speed measuring [8].
However, fast growing precision manufacture requires not just
ever higher velocities, but also variable velocity. For example,
the wafer stage and reticle stage move with a continually
variable velocity in step and scan photolithography. The
scan velocities of wafer stages can reach 500–1000 mm s−1,
and their accelerations can reach 0.6–1.0g. But an error
of just a few nanometres is allowable in the interferometer
displacement measuring of the wafer stage [9]. In another
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Figure 1. Schematic of the dual-frequency interferometer.
example, an interferometer works with variable motion when
measuring the acceleration of gravity in absolute gravimeters
[10]. In these systems for precision measurement of motion
with high or variable velocity, the influence of the second-
order Doppler frequency shift on interferometer error is not
negligible. But it is a pity that this second-order Doppler
error has received little attention. In this paper, the second-
order Doppler error model of interferometers is studied, and
the model is simulated with both high velocity and variable
velocity motion. The model and simulated results can serve
as references for the error compensation of interferometers in
high velocity and variable velocity measuring systems.
2. Theory
An optical schematic diagram of a laser dual-frequency
interferometer is shown in figure 1. A dual-frequency He–Ne
laser emits two beams that are orthogonally linearly polarized
and differ in frequency. The beams are sent to a beam splitter
(BS). The reflected beam goes through the first polarizer
(P1) and is detected by the first photodetector (PD1). The
transmitted beam goes through a polarization beam splitter
(PBS) in which it is separated into measurement and reference
beams with frequencies f and f1, respectively. Then the
reference beam f1 goes to the reference corner cube (RCC),
which is fixed relative to the PBS, and the measurement
beam f goes to the measurement corner cube (MCC), which
is mobile relative to the PBS. When the MCC moves, the
frequency returned by the MCC is (f ± f ) for the Doppler
effect. The returned beams (f ±f ) and f1 interfer at the PBS
and are then sent to the second photodetector (PD2) through
the second polarizer (P2). The two polarizers P1 and P2 are set
with their transmission axes at 45◦. The signals from the two
photodetectors PD1 and PD2 are sent to the phase detector and
processed.
According to the Doppler effect, when the MCC moves
relative to the laser source, the frequency received by the MCC
from the laser source can be given by
f ′ = f
√
1 − v/c
1 + v/c
, (1)
where f ′ is the Doppler frequency, f is the initial frequency of
the laser source, c is the velocity of light in vacuum and v is the
relative velocity between the MCC and the laser source. When
the MCC moves relative to the laser source in a face-to-face
way, the relative velocity v is negative, and vice versa. In a
dual-frequency laser interferometer system, because the laser
beam rebounds from the MCC, the optical path length (OPL)
is doubled. That is to say the velocity received by PD is 2v.
So equation (1) becomes
f ′ = f
√
1 − 2v/c
1 + 2v/c
. (2)
On the assumption that g(v/c) =
√ 1−2v/c
1+2v/c , the series
expansion method can be used to express g(v/c) as
g
(v
c
)
= 1 − 2
(v
c
)
+ 2
(v
c
)2
− 4
(v
c
)3
+ o
(v
c
)4
. (3)
When we use equation (3) to replace the identical part of
equation (2), the Doppler frequency shift can be simplified to
f = f ′ − f = 2f v
c
− 2f
(v
c
)2
+ 4f
(v
c
)3
+ o
(v
c
)4
. (4)
In current interferometers, the high-order series are ignored
and only the first order of the Doppler frequency shift is
considered. So the Doppler frequency shift is simplified to
f = 2f v
c
. (5)
Then the relative velocity can be shown to be v = f c2f . It is
well known that displacement is the integral of velocity with
respect to time. Therefore the displacement measured by the
interferometer can be shown to be
L =
∫ t
0
v dt =
∫ t
0
f c
2f
dt = λ
2
∫ t
0
f dt, (6)
where the integral
∫ t
0 f dt is the number of pulses N counted
by the electronics system. Thus equation (6) can be changed
into
L = λN
2
. (7)
Equation (7) is the basic displacement measuring principle of
current interferometers. However, if one takes into account
the high-order series of the Doppler frequency shift, the result
is somewhat different. Considering the second-order series of
equation (4), the Doppler frequency shift is given by
f = 2f v
c
− 2f
(v
c
)2
. (8)
Thus the relative velocity can be expressed as
v = cf ± c
√
f 2 − 2ff
2f
. (9)
If the plus sign is chosen in equation (9), the velocity v will be
close to that of light in a vacuum, which is unphysical. So the
minus sign is taken in equation (9).
On the assumption that h(f ) =
√
f 2 − 2ff , the
function h(f ) can be expanded in the series expansion
method and simplified as
h(f ) =
√
f 2 − 2ff = f − f − f
2
2f
+ o(f 3). (10)
When we use equation (10) to replace the identical part of
equation (9), the relative velocity becomes
v = f c
2f
+
f 2c
4f 2
. (11)
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Figure 2. The simulated error curves of 500 mm displacement at
different velocities.
So the displacement L measured by an interferometer that
considers the second-order Doppler frequency shift is
L =
∫ t
0
v dt =
∫ t
0
(
f c
2f
+
f 2c
4f 2
)
dt
= λ
2
∫ t
0
f dt +
λ
4f
∫ t
0
f 2 dt . (12)
Equation (12) is the displacement measuring principle of
an interferometer considering the second-order Doppler
frequency shift. It can be concluded by contrasting
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Figure 3. The simulated error curves for different accelerations: (A) v0 = 0 mm s−1, (B) v0 = 300 mm s−1, acceleration is positive;
(C) v0 = 300 mm s−1, acceleration is negative.
equations (6) and (12) that the error caused by the second-
order Doppler frequency shift is
l = λ
4f
∫ t
0
f 2 dt = λ
4f
∫ t
0
(
2f v
c
− 2f
(v
c
)2)2
dt
= c
4f 2
∫ t
0
(
4f 2v2
c
− 8f
2v3
c3
+
4f 2v4
c4
)
dt
= 1
c
∫ t
0
v2 dt +
1
c2
∫ t
0
v3 dt +
1
c3
∫ t
0
v4 dt . (13)
In equation (13), the last two parts 1
c2
∫ t
0 v
3 dt and 1
c3
∫ t
0 v
4 dt are
of magnitude 10−16 and 10−24 respectively and can be ignored.
Thus the error can be simplified to
lv = 1
c
∫ t
0
v2 dt . (14)
If the MCC moves with uniform motion, the second-order
Doppler error lv is proportional to time and the square of
velocity. When the MCC moves at low velocity, the error is
very small and can be completely ignored. However, when
the MCC moves at high velocity, and especially with variable
motion, this error is significant.
While movement between the MCC and the
interferometer is variable motion, the relative velocity is
v = v0 + at where a is the acceleration of this movement.
Therefore the error lva mentioned above for variable motion
is
lva = 1
c
∫ t
0
(v0 + at)
2 dt . (15)
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3. Simulation
3.1. Simulation of error for high velocity motion
In order to visually study the influence of the second-
order Doppler frequency shift on interferometer error, some
simulations were designed using MATLAB software.
Figure 2 shows the simulated error curves of 500 mm
displacement at different velocities. The X-coordinate shows
the time needed to move to 500 mm displacement. The
Y-coordinate shows the second-order Doppler error caused
by different uniform motions. It can be seen from figure 2 that
the second-order Doppler error is proportional to cumulative
time. And the error is so small for low velocity motion (for
example, the curves for v = 200 mm s−1 and v = 400 mm s−1
shown in figure 2) that it can be ignored. However, the error is
significant for high velocity motion (for example, the curves
for v = 800 mm s−1 and v = 1000 mm s−1). From figure 2
we can also seen that the second-order Doppler error is
proportional to the square of the velocity of the MCC when it
moves with uniform motion and the measured displacement is
certain.
3.2. Simulation of error for variable velocity motion
Figure 3 shows the simulated error curves for different
accelerations within 0.4 s. Figures 3(A) and 3(B) are the
error curves for different accelerations with muzzle velocities
of v0 = 0 mm s−1 and v0 = 300 mm s−1, respectively.
Figure 3(C) is the error curve for reverse acceleration (i.e.,
the acceleration is negative) with a muzzle velocity of v0 =
300 mm s−1. With the assumption that lv is the error due to
the muzzle velocity v0, la is the error due to the acceleration
a, and lva is the integrated error due to both the acceleration
a and muzzle velocity v0, it can be seen from the figure 3
that
(1) If v0 = 0 mm s−1, the integrated error lva is proportional
to the square of the acceleration and the cube of time.
(2) If v0 is nonzero, the orientation of the acceleration has
an important influence on the integrated error lva .
While the acceleration is positive (the orientations of
the acceleration and muzzle velocity are the same), the
integrated error lva is greater than the sum of the
scalar quantities lv and la , i.e. lva > lv + la .
In contrast, while the acceleration is negative (the
orientations of the acceleration and muzzle velocity are
opposite), the integrated error lva is less than the
difference between the scalar quantities lv and la ,
i.e. lva < la − lv .
Figure 4 shows the simulated error curves for different
accelerated motions from 0 mm s−1 accelerating to
2000 mm s−1. The X-coordinate shows the time needed to
accelerate to 2000 mm s−1. The Y-coordinate shows the
second-order Doppler error caused by different accelerated
motions. From figure 4 we can see that the error is greater
for low acceleration than for high acceleration because it then
takes longer to accelerate to 2000 mm s−1.
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Figure 4. The simulated error curves for different accelerated
motions from 0 mm s−1 accelerating to 2000 mm s−1.
4. Conclusion
Only the first-order Doppler frequency shift is considered
in current interferometers, yet the second-order Doppler
frequency shift can cause considerable error, especially for
measurements involving high velocity or variable velocity.
A model for the second-order Doppler error was studied in
this paper by considering the second-order Doppler frequency
shift. This model was simulated for both high velocity and
variable velocity motion. The second-order Doppler error can
be shown to be
lva = 1
c
∫ t
0
(v0 + at)
2 dt .
The simulated results show that
(1) When the MCC moves with uniform motion, the second-
order Doppler error can be ignored for low velocities but
should be considered for high velocities. The second-
order Doppler error is proportional to the square of the
velocity of the MCC when the measured displacement is
certain.
(2) When the MCC moves with variable motion, the second-
order Doppler error is proportional to the square of
acceleration and the cube of time if the muzzle velocity is
zero. If the muzzle velocity is nonzero, then accelerated
motion may result in greater error and decelerated motion
may result in less error.
The model and simulated results can serve as references
for the error compensation of interferometers in high velocity
and variable velocity measuring systems
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